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Desirable Criteria for an Estimator Statistical Inference

1 Basic Concepts

Concept 1.1: Estimator and Estimate

Any function of the random sample which is used to estimate the unknown value of
the given parametric function ¢() is called an estimator.

If X =(X1,Xs,...,X,) is a random sample from a population with probability
distribution P, a function d(z) used for estimating ¢g(f) is known as an estimator.
Let = (21,29, ...,x,) be a realisation of X. Then d(z) is called an estimate.

Example 1.1

l '

To estimate the average height of adult males in an ethnic group, we may use the
sample mean z as an estimator. Now if the sample has a mean of 180 cm, then
180 cm is the estimate of the average height.

Concept 1.2: Parameter Space

I r

The parameter space O is the set of all possible values of the parameter 6.

r

2 Desirable Criteria for an Estimator

2.1 Unbiasedness
Concept 2.1: Unbiased Estimator

Let X, Xo,..., X, be arandom sample from a population with probability distribu-
tion Py, 0 € ©. An estimator T'(X), X = (X1, Xs,...,X,,), is said to be unbiased
for estimating ¢(#) if

Ey[T(X)] = g(0) Vo e o.

If EgT(X) = g(0) + b(0), then b(#) is called the bias of T'. In particular:
. (o
o b(O

> (0 = overestimate,

< 0 = underestimate.

)
)

Example 2.1
Let X ~ Bin(n,p), n known, 0 <p < 1.

X
E<> =p Y p.
n

So X/n (the sample proportion) is unbiased for p.
Also, E[X (X —1)] = n(n — 1)p?, so

Hence 1) is unbiased for p?.
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Desirable Criteria for an Estimator Statistical Inference

Now Var(X) = np(1 — p) = n(p — p?). Define

4(X) :an_ X(X—l)] _X(n-X)

n  n(n—1) n—1

This is unbiased for Var(X).

Example 2.2

Let X, Xo,..., X, ~ P()\). The estimators

T(X)= X, T(X)=X, Tyx)=2t2Xe

are all unbiased estimators of \.

Also,

n—1:H

is unbiased for A (since Var(X;) = A for Poisson).
4

4
Any linear combination d(X) = > ¢;T;(X) is also unbiased for A provided > ¢; = 1.
=1

j=1
Example 2.3

1. If E(X) exists, then the sample mean X is an unbiased estimator of the

population mean.
2. Let E(X?) exist, i.e. Var(X) = o2 exists. Then

1
n—1

52 = Z(Xl —X)Q
i=1

is unbiased for o2 (the sample variance).

Proof that E(S?) = o*:

1
n—1

E(S?) =

E(Y X} —nX?).
We know EX? = p? + ¢ and EX? = 2 + ¢ /n. Therefore
n—1

[n(;ﬁ +0?) — n(;ﬁ + f)]
1

= 1-(n—1)02:02. O
n_

1 n -
g E(Xi—X)QZ
n—1i=

EB(S?%) =

Further note. Consider
~ G2 2 2
E<X2_> =P -
n n n

So d*(X) = X? — S%/n is unbiased for 2. O

Indian Statistical Institute 3



Desirable Criteria for an Estimator Statistical Inference

Example 2.4

Let fx(x) = Ae™* for 2, A > 0 (exponential distribution). Let Xi,..., X, be a
random sample. Then E(X;) = 1/A, so X is an unbiased estimator for 1/\.
Also, E(XF) = k!/\*) so

1 n
dp(X) = — > X!
o) =T
is unbiased for 1/AF.
Now let Y =Y X; ~ I'(n, \) with pdf

n

= ot 0.
fY(y) F(n)e Yy ) Yy >
Then
1 S D
E - _/ . -y nfld
(Y) 0oy F(n)e J 0
At T'(n—1)
a ['(n) An—1
B A
T n-—1

-1
Hence FE (ny) = )\, and so we can estimate unbiasedly the reciprocal of the mean

(i.e. the rate).
For higher powers: for n > k,

E(Ylk) B r?;) ' F(ankk)
[(n—k)

Therefore

is unbiased for \*.

Example 2.5

Let X ~ P(\). We want to estimate the probability of no occurrence, i.e. P(X =

0) =e
Define
1 ifz=0
I(z)=3 7"
0 ifz#0.
Then

E{I(x)}=1-P(X=0)+0-P(X #0) =e.
So I(X) is an unbiased estimator of e=*.

A method to find unbiased estimators is to solve directly the equation ET(X) = g(0)

Indian Statistical Institute 4



Desirable Criteria for an Estimator Statistical Inference

for all 8 € ©.

Application: Truncated Poisson

Let X be a truncated Poisson r.v. with zero truncation:

1 AF
PX(I):e)\_l‘g, $:1,2,...

Suppose we want to estimate . Setting ET(X) = A for all A > 0:

i_o:lT(q:) x!(eibr—l) =\
= T+ T(2))2‘? o= A= 1)

)\2

Since two power series can be identical on an open interval iff their coefficients
match, comparing coefficients gives:

x ifx=223,...

T(X) = {0 if x =1,

1. Unbiased estimators may not exist.
Ezample: X ~ Bin(n,p), g(p) = p"*'. Then ET(X) = p"*! for all p € [0, 1].
The LHS is a polynomial in p of degree at most n, while the RHS has degree
n+ 1; so LHS # RHS and no such T'(X) exists.

2. Unbiased estimators may not be reasonable. The estimator must take values
in the range of the parameter only.

2.2 Consistency

Concept 2.2: Consistent Estimator

An estimator T,, = T'(X1, ..., X,,) is said to be consistent for estimating ¢(#) if for
each € > 0,
P(|T,—g(0)|>¢) =0 asn— oo, VOe€O.

Indian Statistical Institute 5



Desirable Criteria for an Estimator Statistical Inference

Example 2.6

Let X, Xs, ..., X, be a random sample from a population with mean p and variance
o?. By Chebyshev’s inequality:

Var(X) o2
5 = — 0 asn — oo.
€ ne

P(IX —pl >¢) <

Hence X is consistent for .

l r

Example 2.7

Let X3, Xs, ... be a sequence of i.i.d. r.v.’s with mean u. Then by the Weak Law
of Large Numbers,

X5
So whenever the population mean exists, the sample mean is consistent for it.
However, consider the Cauchy distribution:

1

1
fx(z) = T m,

z,v € R.
Here E(X) does not exist and
= 2
P(|X —v| <e) = —arctane 4 0.
T

Hence here consistency fails.

Theorem 2.1
If E(T,) =60, — 0 and Var(T,) = s> — 0, then T}, is consistent for 6.

I '

I '

Theorem 2.2

If T,, is consistent for # and a, — 1, b, — 0, then a, T, + b, is also consistent for 6.

l r

Theorem 2.3

If T,, is consistent for # and h is a continuous function, then h(T,,) is consistent for

h(6).

| r

Example 2.8: Exponential with Location Parameter

Let X1, X5,...,X, be a random sample from an exponential distribution with
location parameter v:
e’ x>v,
(x) =
Jxi(x) {0 otherwise.

Then E(X;) = v+ 1,50 E(X) = v+ 1. Thus T} = X — 1 is an unbiased and
consistent estimator of v.

Indian Statistical Institute 6



Desirable Criteria for an Estimator Statistical Inference

Now consider Y = Xy = min{Xj, ..., X,,}. The CDF of Xy is:
FX(1)($) = P(X(l) <z)=1- P(X(l) > 1)
=1-[P(X1>2)]"=1—[1 - Fx,(2)]".

Since Fy,(z) = / e’ tdt =1 —e”"" for z > v, we get

Fx () =1~ S )

The pdf is:
fxo, () = )

F(X = =,
(X)) v+

1
So T, = X(1) — — is also unbiased for v.
n

Since Var(Th) = — —0asn— oo, T5 is also consistent for v.
n

Note: T3 = X,, (the maximum) is consistent for . Since T, = (1 + %) Xy — 1- X

P . .
as n — 00, and X1y — v, T5 is also consistent.

Example 2.9: Uniform Distribution

Let Xi,..., X, be a random sample from Unif[0, 6], § > 0.

fx.(z) = {1/0 e

0 otherwise.

EX; =0/2,50 EX = 0/2, hence T} = 2X is unbiased and consistent for 6.
Let X(,) = max{Xy,...,X,}. Then:

Fit (@) = [Fx (@) = (

I8

’I'an_l

fX(n)(x): gn OSSL’SQ

0  pgnl né
E(X, :/ : _ _
( ()) 0 o o du n+1

n+1
n

E[ X(n)} 0.

1
SOT2:n+

X(n) 1s unbiased for 6.

. O r < 97
Also, lim Fx, (z) = {1 x> 0.

This is the CDF of a degenerate r.v. at 6, so X, L 9. Thus T3 = X(y) is consistent
for 6.
Since Ty = (1 + %) Xn) — Xn) as n — 00, T3 is also consistent for ¢.

Indian Statistical Institute 7



Uniformly Minimum Variance Unbiased Estimator (UMVUE)

Statistical Inference

Example 2.10: General Continuous Population

Let X1,...,X, be a random sample from a continuous population with CDF F(x)
and the range of variables is the interval [a,b]. Let U = X3y and V' = X,,).

0 T < a, 0 T < a,
Fy(z)=S1—-[1-F(z)]* a<z<b, Fy(z) =([F(x)]" a<x<b,
1 x> b. 1 x> b.
As n — oo:
FU(x)—>{O TR Uba USa
1 x>a.

0 <b
Fy(z) — ¢ = v &b
1 x>b.

As a consequence, the sample range X,) — X(y) is consistent for the population
range (b — a).

3 Efficiency of Estimators

Concept 3.1: Mean Squared Error

For an estimator T of g(0):
MSE(T) = E[T — ¢(8))* = Var(T) + B*(T),

where B(T) = E(T') — g(0) is the bias. (The cross-product term vanishes.)
We say estimator T} is better (more efficient) than 7, if

MSE(T}) < MSE(T3) V6 € ©.

If T is unbiased for g(f), then MSE(T") = Var(T).

4 Uniformly Minimum Variance Unbiased Estimator
(UMVUE)

Concept 4.1: UMVUE

An estimator w is said to be the Uniformly Minimum Variance Unbiased
Estimator (UMVUE) of ¢(0) if w is unbiased and for any other unbiased estimator
w* of g(6),

Var(w) < Var(w™) Ve o.

Indian Statistical Institute




Uniformly Minimum Variance Unbiased Estimator (UMVUE) Statistical Inference

Theorem 4.1: Uniqueness of UMV UE

If w is the UMVUE of ¢(f), then w is unique almost everywhere.

Proof:
Let w* be another UMVUE of ¢g(8). Then F(w) = E(w*) = ¢g() and Var(w) =
Var(w*) = 02 (say). Define w; = £ (w + w*). Then

Var(w,) = [Var( ) + Var(w") + 2Cov(w, w")]

.b\»—wh\

[20 + 2Cov(w, w )}

By Cauchy—Schwarz:

Cov(w, w* \/Var ) Var(w*) = 0.

So Var(w;) < 0% = Var(w). Since w is UMVUE, equality must hold in (1): Var(w,) =
Var(w), which requires Cov(w,w*) = o2

For equality to hold, w* = a(f) w + b(#) with probability 1. Taking expectations:

g(0) =a(0)g(@)+b(0) = al)=100)=0 = w" =uw.

So w is unique. ]

Condition for 7' to be UMVUE of ¢(0)

Let Uy, be the class of all unbiased estimators of ¢g(#) and U, be the class of all unbiased
estimators of 0.

Theorem 4.2

T € U, with Varg,(7') < co has minimum variance at 6 = 6, iff Cov(T, f) = 0 for
all f € Uy for which Vary,(f) < oo.

Proof:

Let T € U, with Varg,(T") be minimum. Now let f € Uy 3 Cov(T, f) # 0. Consider
T+ Mf.
E(T+X)=g0)+X-0=g(8), soT+\feU,.

VaI'go (T + )\f) = Val“go (T + >\2Var90 (f) + 2)\COV90 (T, f) < Vargo (T)
= AAVarg, (f) +2Covy (T, f)) <0 ---(x)
Condition () is satisfied for

)
(f
QCOVQO (T, f)

Var@o (f)
<A<0 if Covg, (T, f) >0

0< A< — if Covy, (T, f) <0

B 2Covy, (T, f)
var@o (f)

Indian Statistical Institute 9



Method of Moments Estimation Statistical Inference

Since we assumed Varg,(T') to be minimum, the above relation contradicts our assump-
tion. Hence Covy, (T, f) = 0.
Conversely, let Covy, (T, f) =0 for all f € Uy. Let T" € Uy; then T' — T" € U,.

Cov(T,T-T") =0 = Var(T) = Cov(T,T") < /Var(T) - Var(T") = Var(T) < Var(T").

This proves T" has minimum variance at 6. m

1. The covariance between the UMVUE and any other unbiased estimator is
always positive.

2. If T} and Ty are UMVUESs of g;(6) and ¢2(0) respectively, then a7} + asTs is
UMVUE for a1g1(0) + a292(0).
Proof: Cov(aiTh + asTs, f) = a1Cov(Th, f) + axCov(Ty, f) = 0 for all f € Uy.

Example 4.1

Y ~ N, (XB,0%0), n x 1.
Let h(Y') be a real valued function with £ h(Y) = 0 for all § € R?.

K/h(y) e 2z WX W=XB) gy — 0 V3 e RP.

= K [hy)e w0y —o v
Differentiating with respect to :

K/h(y) X'ye_za%(y/y_wxﬂ) dy=0 V8.

= BE(h(Y) X'y =0 = BERY) - X'Xy)=0.
So X' Xy is UMVUE of E(X'Xy) = X' Xp5.

5 Method of Moments Estimation

5.1 Basic Concept

Concept 5.1: Method of Moments Estimation (MME)

Let X1, X5,...,X, be a random sample from a distribution Py, 6 € ©, where
0=(01,...,0k).
Consider the first & non-central moments:

o= B(X) = 0i(0), 1= B(X3) =0u(0), ..., uf=EX5)=a®). ()

Assuming the system of equations (1) has solutions:

elzhl(,ulla'”’/j“;g)a cty Hk:hk<,u,17a/'6;c)

Indian Statistical Institute 10



Method of Moments Estimation Statistical Inference

Define the first k£ non-central sample moments:

1 & 1 &
w=13x 4=l . a=l3x

In the method of moments, we estimate the k-th population moment by the k-th
sample moment:
ﬂ;- =g, H=1% .. 0%

Thus the method of moments estimators are:

0y = hy(dy,dy, ..., dy), ..., On=hy(dy,da,. .. dy).

\

Example 5.1

1. X1,..., X, ~ P(\). i), = X\, 0 Ayme = X. This MME is unbiased and
consistent.

1 — 1 _
fave = X, i =de —di = =D X?—X? == (Xi— X)°.
n

n

Qe is unbiased and consistent; 63 is biased but consistent.
3. Xi,..., X, ~ Bin(n,p).

Case I: n known. i), =np = p = i)/n=p= X/n.

Case II: Both n,p unknown.

ph=mnp, iy =np’ +np(l—p).

I /\2 [ /
Loy §u1)7 po1-tezH
H1 H1 p
do —d? - L13(X;,— X)?
Pvmve = 1 — 2d IZX—kZ()—( )7
1
X2
AMME =

X - +¥(Xi—-X)?

pvmEe 1S unbiased and consistent when n was known; when n is unknown,
> P . P
X = npand 1 — n.

2. X1, Xy ~ N(p,0%). i = p, py = p? + 02, so p = py and o2 = pby — (u))>.

1. The MME need not be unbiased.
2. If the functions g;’s are continuous and one-to-one, then the MMEs will be
consistent.

Remark 5.1: Remarks on MME

Indian Statistical Institute
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Method of Moments Estimation Statistical Inference

Example 5.2

1. X1,..., X, ~ Unif[a, b], a < b.

, a-+b , a*+b*+ab
= Hy=—"73""

a=ph—\[3(uy = pf), b=+ /3(ps — pf).

_ 3N
avME = X — ﬁZ(X’L - X)?,

. _ 3 n

Here aypr and byvr are consistent but biased.

2. X1,..., X, ~ Unif[—0,0], 0 > 0. )y =0, by, = 02/3, 50 0 = /3.

0= 3 = /3dy = /> Y x2.

3. X1,...,X,, ~T(P,)\) (Gamma):

)\P
f(z) = e NPl x>0, PA>0.

I'(P)
P P(P+1)
Mﬁzxa MIQZT-
12 !
P= /ILL1 127 )\:/Mila
Mo — 7 Mo — 7
. X2
P, = ——,
MME lZ(Xi—X)Q

s X
MME = IS(X, X2

These MMEs are consistent but biased.
4. Xy,..., X, ~ p(d,p) (Beta):

1
e (1-2)%1, 0<xz<1,dB>0.

, d ;L d(d+1)
M=axs T Arpd+s+1)
(e — ) (=) (e — )
d= / 2 0 ﬁ_ / 2 .
Mo — [y Mo — [y

Indian Statistical Institute 12



Method of Maximum Likelihood Estimation (MLE) Statistical Inference

X(X-1vx)

. _(1-X(X-15x})
Bume = %Z(Xi —X)Q

These MMEs are consistent but biased.
Note: For a k-dimensional parameter, we may have to consider more than &
equations. Sometimes pj = 0 (e.g. for Unif[—6, 0]), so we must use pb.

6 Method of Maximum Likelihood Estimation (MLE)

This method was developed by Sir R.A. Fisher in 1922.

Example 6.1: Motivating Example

Consider a box containing black and white marbles. We know the ratio of one colour
marble to the other is 1 : 3, but we don’t know which marble is more numerous. A
statistician draws a random sample of size 3 from the box and decides to base his
estimate on the reported outcome.

Let = number of black marbles in sample, p = unknown proportion of black
marbles in the box. Then x ~ Bin(3,p) with p = 1/4 or 3/4.

3

T

P.(z) = ( )p’”(l —p)** 2=0,1,2,3.

‘ z=0 z=1 =2 z=3
p=1/4|27/64 27/64 9/64 1/64
p=3/4| 1/64 9/64 27/64 27/64
We observe that the likelihood of p = 1/4 is higher when x = 0 or 1, and the
likelihood of p = 3/4 is higher when = = 2 or 3. So:

. )1/4 ifz=0orl,
PMIE=N3/4 itz =20r 3.

More generally, for P,(x) = (i)pgg(l —p)> % with 0 < p < 1:

3
log P(x) = log (90) + zlogp+ (3 — x) log(1l — p).

dlogP(z) « 33—z x—3p

dp p 1—p p(d-p)
This is > 0 if p < /3 and < 0 if p > /3. So the maximum is attained at p = z/3:

R T
PMLE = 3

Indian Statistical Institute 13



Method of Maximum Likelihood Estimation (MLE) Statistical Inference

Concept 6.1: Likelihood Function and MLE

To formalise the procedure, consider the likelihood function. If random sample
X1, %o, ..., T, is observed:

n

L0,z) = ][ fx.(%:5;0),  z=(21,%,...,24).
i=1
The value of 6, say 0(z), such that
Ll,z)>L,z) VOO

is called the Maximum Likelihood Estimator (MLE) of 6.

Remark: In practice, we often maximise log L(6,z) = £(6,z) w.r.t. 0, as log is an
increasing function of 6.

Remark: A useful approach is to find solutions of the likelihood equations:

ol ol ol
55 =0, (8610,...,8%()).

Example 6.2: MLE Examples .

1. X ~ Bin(n,p), 0 <p <1, n known.

L(p,x) = f(z,p) = (Z)px(l —-p)"F x=0,1,...,n.

{(p) = log (Z) + zlogp+ (n — x) log(1l — p).

d. x n—x x—mnp

dp p 1—p p(l—p)
This is > 0 if p < /n and < 0 if p > x/n. So the maximum is attained at
PyLE = /1.
2. X1,...,Xn ~ Poi(A), A > 0.

n e—n)\)\in
L) = [ flas ) = =2
(N z) =log L =—nX+Y z;log\ —log [ (z:!)
iﬁ__n+2xi_2xi—nA >0 A<z
dx A A <0 A>7Z

So A is maximised at A = 7, i.e. XMLE = Z.
Restriction A < \g: If A\g > z, MLE is still x. If A\g < z, MLE is Ag.

/A\ K A>T
MLE = /\0 /\0<Zi

Indian Statistical Institute 14



Method of Maximum Likelihood Estimation (MLE) Statistical Inference

3. X1,..., X, ~N(p,0?%), p unknown, o = 1 known (WLOG).

1

L(p,z) = (\/12—7T>nexp{—2 S (s — M)Q}

() = ~3 log(2m) = 5 (e — )

2
@222@%‘_# f—Zm,—nu—O:uMLE— — .
If i > po: MLE is max{z, o} (clipped at boundary).

L(u)

UMLE = Mo

o
Figure: Likelihood function when p > po but & < pog. The maximum in the valid
region occurs at the boundary.
fa<pu<b: MLEiszifa<z<bbifx>b aifx <a.
4. Xy,..., X, ~ Unif[0,0], 6 > 0.

1
L(0,z) = o’ 0<z0) <) <+ <y <0

. 1
We may write L(6,x) = n Lz ,00) (6)-
The minimum possible value of 8 is x(,), so to maximise L, we minimise 0.
éMLE = Z(n)-
5. Xl; 50 0 ,Xn ~ Unif[@l, 92], 01 < 92.

o
(02 — 61)

To maximise L, 6, should be maximum and 6; should be minimum.

L(01,0:,2) = th <z <w2) < <) < o

él,MLE = (1), éQ,MLE = T(n)-
6. X1,...,X,, ~N(u,0?), both p and 0? unknown.
2 1 1 2
L(p, 0%, 2) = WGXP T 9,2 Z(I, — 1)

U, 0%) = =3 log (2ma?) Z

Indian Statistical Institute 15



Method of Maximum Likelihood Estimation (MLE) Statistical Inference

8£ T; — N _
ot n o Y(zi—p)? ) 1 2 1 2
902 0 = _202+ 954 =0 = oyvg = ﬁZ(%‘M) = %Z(xz—x)

Prior information p > 0:

1 N2 e

R _ R “S(z; —x)* if x>0,
= max{z,0}, o

HMLE {z,0} MLE {in? HE <0

7. Xy,...,X, ~ Discrete Uniform with pmf Px(k) = 1/N, k=1,...,N, N €

Zt.
1

N7’
L is maximised when N is minimum, attained at N = k().

L(N, k... k) = 1 <ka <kg < <kwn<N.

Mg = k-

8. Hypergeometric Distribution. Population of size N: category A (size M)
and category B (size N — M). A random sample of size n is taken; let X =
number of items of type A.

M\ (N-M
P(X =x)= (x>((;>x), max(0,n — N + M) <z < min(n, M).
Case I: M known, N unknown.
M\ (N—M
L(N,z) = M

()

KNa) (N mON M)
L(N—-1,2) N(N-M-—n+z) 53
So L achieves its maximum at N = —— (as nM /x need not be an integer, we
x
take):
N nM
Nueg = {J :
x

Case II: M unknown, N known.

ey = ) o).

(%)

L*M,z) = M N+z-M-n+1
L*M—1,z) M-z N-M+1
L*(M, x) N+1
— 2 _>1iff M :
L*(M—l,:c)> : STn °
~ N+1
MMLE:L fL‘J

Indian Statistical Institute 16



Method of Maximum Likelihood Estimation (MLE) Statistical Inference

Example 6.3: Exp(u, 7) distribution

Let Xi,..., X, ~ Exp(y, ) with pdf

fla) =~

e~ @WIT r > peR, > 0.

1

1
L(”ﬂ—’&) = T_nexp{_; Z(l‘z - M)}y T > W

Case I: © known, say pu = 0.
1 1
L(r,x) = —exp{—— > xi}, x; > 0.
T T

1) =—nlogT — 12331
T

dl n T z,—nT | >0 7<Z . _
—__+E :Z { = TMLE = L.

dr 1 T2 72 <0 7>7

Case II: 7 known, 7 = 1.

(e*)"
L(p, z) = eXP{—Z(fEi - M)} = SITL <o) Sxo) < S Ty

L(p) is maximised when p takes its maximum value, which is z(1). So fivLe = z(1).
Case III: Both i and 7 unknown.

1 1
Lp,7,z) = T—neXp{—; [Zivz - n/i}}7 BTy ST < S Ty

For fixed 7, L is maximised w.r.t. u when p is maximum, i.e. fiMLg = Z(1).
o n 1

sz—n,u _
R R R R

Example 6.4: Laplace / Double Exponential Distribution

Let Xi,..., X, be a random sample from the double exponential distribution with
pdf
1
f(xmu;T) = 2—€_|$_”"/7—’ J/',IJ/ER, 7—>0
T
Case I: = 0.
1 1
L(r,x) = 2 exp{—; Z \:UZ]} :
1
U(t) = —nlog2 —nlogt — = > |z;.
T
dl i of| — A ’
_:_E+Z|$| = > | o0 = TMLE = Z|x|
dr T T2 T2 n

Indian Statistical Institute
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Properties of MLE Statistical Inference

Case II: 7 = 1. |
L(p,z) = anexp{—Z i — ]} -

L is maximised when Y |z; — x| is minimised. It can be shown that S = |z; — y
is minimised when p is the median of zq,..., x,.

Write S = > |z(;) — p| where z(;)’s are ordered values.
i=1
Case (a): n odd, n =2R + 1.

S =lz@ —pl+ -+ [Tere) — 4
= (|$(1) — pl+ |zeri) — M|) Tt (|$(R) — pl + |z(r12) — M|> + @Ry — pl-

The term |z(;) — p| + [22r+1—5) — p| is minimum (equals z(2r+1-j) — #(;)) whenever
L) S M S TER+1—j)-

We can clearly see that u = x(ry1) simultaneously satisfies all conditions. So
ﬂMLE = $(R+1) = median of L1y---yL2R41-

Case (b): n even, n = 2R,

S = (lz@ — #l + |zery — ) + -+ + (lzm) — #l + |zre1) — 1)

Arguing as before, S is minimum when z(z) < p < 2(g41). So any value between
L(R) T T(R+1)

r(r) and T(g41) satisfies all conditions; we take p = 5 = median.
Case I1I: Both ;4 and 7 unknown.
L= op{-2Slm—ul}, )= -nlog2—nlogr — = |z~
= expy —— T; — , ,7) = —nlog2 —nlogtT — — Ty — -
27" P\~ 7 H H g g - M
¢ is maximised w.r.t. g when Y |z; — p| is minimum, i.e. at g = med(zy,...,z,) = m.

So fimMLE = M.

o

or T T

n ooy |r— . 1
:_7+7| 5 M|:O=>TMLE:nZ’$i_m|

(mean deviation about the median).

7 Properties of MLE

7.1 Non-Uniqueness of MLE

Example 7.1

Let Xi,...,X,, ~ Unif(f —a,0+a), 8 € R, a > 0 a constant.

L(0,x) =

(2a)"’ 0—a<zo <z)<- - <TMm) <f+a

Equivalently: z¢,) —a < 0 < x@) + a (and z¢,) —a > 0 > x(1) — a automatically
when 2a > T(n) — $(1)).
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Properties of MLE Statistical Inference

L is maximised when 6 —a < z(;) or 0 > x(,) +a, and 0 +a > z(,), i.e. T, —a <
0 < @) + a.

So any value between z(,) — a and z(;) + a is an MLE of §. We may choose the
midpoint:

Ta) + 2w

éMLE = 9

7.2 MLE May Not Be in a Nice Analytic Form

Example 7.2

X1y, Xu ~ N(0,62), 0 > 0.

__ 1 B o NE
L&@WW%ﬁm{wzm @}
0(0) = —nlogh — — log (2m) Z
e n Y(zi—0) Z(xi—e) Y a? —nbz —nb”?
a0 02 e B 03 '

Setting df/df = 0 gives a quadratic in 0:

dﬁ 9
with solutions
. =+ /(D) + 4ds
91’2 = o

2

Since 0 > 0 and ¢(#) is maximised at 0 = 05, the negative root 6, is automatically

rejected:
A —T 4+ VZ? + 4d,
5 :

‘gMLE -

7.3 MLE May Not Be in a Closed Form

Example 7.3

Xi,..., X, ~T(\ r) (Gamma).
Case I: A unknown, r > 1 known.

A Y - =1l
L0v2) = g e (=)

¢(A) =nrlogA —nlogD(A) =AYz + (r — 1)) _logz;.

¢ nr INMPY nI'(\)
D x "™ TN

This involves the Euler digamma function and cannot be solved in closed form.

+> logz; =0 +> logz; =0.

Indian Statistical Institute
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Properties of MLE Statistical Inference

The method of scoring is used to find solutions of likelihood equations numerically.
Method of Scoring

14
We want to solve the likelihood equation g@ 0.

Let the exact solution lie in the neighbourhood of a value 6y. Expanding e in a

Taylor series around 6y up to second order terms:

or ol 0%
o0~ 00|, + (0= 60) 552 062 |,
8€ 82€
ol
=90, (0 — 00) I(6o).

The equation leads to the scoring step:

and we update 0; = 6y + S(6), continuing until the desired level of accuracy.

Example 7.4: Cauchy Distribution

1
0) = 0 € R.
Suppose observations 210, 195, 190, 199, 198, 202, 185, 215 are available. We want the

MLE of 6. .
=l

zlﬂ- 0)]

0(0) = —nlogm — Zlog[1+( —0)?].

=1

The likelihood equation is d¢/df = 0:
—0
2 = 0.
Z 1 + (z; — 6)?

For n = 1, we get § = ;. For n > 2, this is a non-linear equation of degree 2n — 1.
For the method of scoring, we compute /(0):

2
8261 _ E[@logf]

06? 00

- 4El{1 e _9)92)2}2] ‘

1(6) = E[

4 e (x — 0)?
E/_oo it @—02p ™

_S/Wde
“ah TR
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Properties of MLE Statistical Inference

Using the substitution y = tan ¢:

8 [7/2 tan? ¢ sec? ¢
10) = 7/0 (sec? ¢)3 a¢

s
8 [7/2 1
:—/ sin® ¢ cos® pdep = —.
m Jo 2

The scoring function:

— 0

Z xl—H)

We take 0y = 198.5 (sample median) as initial approximation. The successive
approximations are:

_4
n;

01 = 198.4784887, 0, = 198.4656064, 65 = 198.4570831,

We may take 0 ~ 198.49.

7.4 Invariance of MLE

Theorem 7.1: Invariance of MLE

Let ¢ = g(0), where g is a one-to-one function. Then éMLE = g(éMLE).

Proof:

e, pec==g(0O)={g(0):0c 06}
Let £*(¢) and £(6) denote the likelihood functions Corresponding to ¢ and 6 respectively.

Any MLE of ¢ should satisfy L*(¢yrg) > L*(¢) for all ¢ € 2.
Now L(éMLE> Z L(@) for all 8 € ©. For ¢MLE = g(@MLE)

L*(pvwe) = L*(9(0ee)) = L(g ' (9(0ee))) = L(bws) > L(0) = L*(9)
for all ¢ € Z. So e = g(Avrr) is the MLE of ¢ = g(6). O

Theorem 7.2: Zehna (1967)

Let P = {Py : 0 € ©} be a family of probability distributions and let £(f) be the
likelihood function. Suppose © C RX and 6* = g(#) be a function from R¥ — R?,
1< P< K. Also §* € ©* — an interval in R”. If f is an MLE of 0, then g(0) is
the MLE of 6* = ¢(@).
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Lower Bounds for Variance Statistical Inference

7.5 Asymptotic Properties of MLE

Concept 7.1: Regularity Assumptions for MLE

Let x ~ f(x,0), 0 € © an open interval in R.

Regularity Assumptions

0?1
1. Off exists for almost all z in |# — 6y| < ¢ for some 6 > 0.
2. E90 w = 0.
00 i
2
00 oy
91
4 a;ff < m(z) for all § € (6 — 6,60 + 8), and Eg, m(z) < K.

Under these assumptions, we have the following large sample results for the MLE.

Theorem 7.3

The likelihood equation has a root with probability 1 as n — oo, which converges to
0y with probability 1 under 6.

Theorem 7.4

Let 6 be a consistent root of the likelihood equation. Then

V(0 — 60) 1(6y) — 1de — 0 with prob. 1.
n d@o

_ 1
The asymptotic distribution of \/n(6 — ) is N (O, [(9))
0

8 Lower Bounds for Variance

8.1 Wolfowitz’s Regularity Condition (Fréchet—-Rao—Cramér In-
equality)

Concept 8.1: Wolfowitz’s Regularity Condition

Let X,..., X, be a random sample from a distribution having pdf (pmf) f(x,0)
w.r.t. measure v. An estimate S(z) is to be considered where:
1. 6 lies in an open interval © of the real line.
5 df(z,0)
00

B / S(z) [] f(zi,0) dv(z;) can be differentiated under the integral sign for any

exists for all 6 € © and a.e. z.

=1
S such that the above integral exists.
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Lower Bounds for Variance Statistical Inference

dlog f(x,0)]"
06

Theorem 8.1: Fréchet—Rao—Cramér (FRC) Inequality

Under assumptions (i)—(iv), if FyS(x) = 6 + b(f), then

4. Eg[ > ( for all 6 € ©.

[1+V(0)
Varg(S 5 *
e 2 . [alogf(x,e)] )
’ 90
Proof:
EyS(z) =0+ b(9).
= /S Fla,0) dv(z) =0+ b(0) Vo eo.

Differentiating under the integral sign w.r.t. 6:

/S {” 810gf z;, 0 }fom 2) = 1+0(6).
Let s(z,0) = z: W'
Ey[S(z) s(z,0)] = 1+ 0'(0). (2)

Now /H f(z;,0)dv(z) = 1, so differentiating again:
=1

/{zn:alogge%}nfflh, )=0 = Eys(z,0)=0.

i=1
Using this in (2): Cov(S(x), s(z,0)) =1+ '(0).
Squaring and using Cauchy—Schwarz:

{14+V(0)}? = Cov?(S,s) < Var(9) - Var(s).

Now

Vary s(x,0) = Var [zn: %gé‘é@,@)]
i=1
_ nvarl(‘?logafe(x, 8)]

:nE[(‘?logf(x,H)r

o = 1,(0).
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Lower Bounds for Variance Statistical Inference

So (4) gives:

(L4 V(01 < Var() - L(6) = Var(s) > L0OF {1500

1,(0) n1.(6)
Corollary: If S(z) is unbiased for 6, then
Vary(S(z)) > L ! (Fisher’s information inequality)
r = i information inequality).
T lalogf(xﬂ)r L,(6) ’
nk 20

]

Remark 8.1: Remarks on FRC Inequality

1. Equality in the FRC inequality is achieved iff S(z) and s(z,0
related with probability 1, i.e. there exist functions d() and 5(

) are linearly
) such that

S(z) +d(0) s(xz,0) = p(0) with prob. 1.

2. Under the regularity conditions:

dlog f(x,0)]* 82 log f(x,0)
e e  a

Proof of the identity:

Plogf 0 [f(x,0)
o~ lf(,)]
f”(xﬁ) f(@,0) —[f'(x,0)]
[f(z,0)]? '
_ / £z, 8) dv(z) — / Héjgﬂ F(x,8) dv(z)

Theorem 8.2: FRC Lower Bound for estimating ¢ = ¢(0)
If S(z) is unbiased for g(0), then f(z,0) = f*(x, $) where f* is parameterised by ¢.

The FRC lower bound is:

- {g'(6)}* _lg@r
Var(8) 2 g dlog f(z,0) ? 1(0)
]

The condition for attaining the FRCLB remains the same: S(z) must be linearly
related to s(z, ) with probability 1.
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Lower Bounds for Variance Statistical Inference

Theorem 8.3

If the FRC lower bound for the variance of an unbiased estimator of ¢(f) is attained,
then the class of parametric functions for whom the unbiased estimator attains FRC
lower bound is the class of linear functions of g(0).

Proof:

Let T'(z) be an unbiased estimator of g(f) and V(7'(z)) equal the FRC LB. Then T'(z)
and S(z,0) are linearly related with prob. 1, i.e. there exist functions d(6) and 5(6)
such that

T(xz)+d0)s(z,0)=p0) wpl VOeO.

Taking expectations: g(0) + d(#) - 0 = 5(0), so g(0) = ().

Now let h(#) be any other parametric function for which there is an unbiased estimator
U(x) whose variance attains the corresponding FRCLB. Then U(z) and S(z, ) are also
linearly related wp 1, i.e. there exist d*(f) and 3*(#) such that

U(z) +d*(0) s(z,0) = B*(0) wpl VOecO.

Once again, taking expectations: h(0) = 5*(0).
Fixing 6 = 0y:

T(z) + d(6o) s(z,00) = g(6o), Ulz)+ d"(6o) s(z, 00) = h(bh).
Eliminating s(z, 0p):
d*(60) T(z) — d(6o) U(z) = d*(6) g(6o) — d(6o) h(6o) wp 1,

or aT(x)+bU(x) = c. Taking expectations: a g(#) +bh(f) = ¢, so g and h are linearly
related. ]

Example 8.1 .

1. Xi,...,X, ~Poi(A\), A > 0. Let g(\) = A\2. The FRCLB for variance of an
unbiased estimator of \? is:

A 4X3
[¢'(M)]? - {FRCLB for \} = 4\*. —-Z
Let Y =Y X; ~ Poi(n\). Define U = #Y(Y —1). Then E(U) = %(EYZ _
AN3 2XZ 4)\3
Var(U) = — 4+ == > 2

n n n

So the FRCLB is not attained. B
2. X1,...,X, iid. with mean g and variance o?(< o). T} = X, Tp =

2 n
——— > i X,
1) 2
E(Ty) = p, Var(T}) = 0®/n. So T is unbiased and consistent for p.
2 n(n+1
E(Ty) = Bl ) —

n(n+1) izll.ﬂ:n(n—l—l) 2
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Lower Bounds for Variance Statistical Inference

4 . 402 n(n+1)(2n+1)
Var (7 — Y {?0%2 = . _
ar(Tz) n?(n+1)2 210 n?(n+1)2 6
2(2n + 1)0?
——— > 0asn — oo.
3n(n+1)

So T, is also unbiased and consistent for o2.
2(2 1
Consider Var(T3)/Var(T}) = 3((::_1))
So T} is more efficient than 7T5.
3. X1,..., X, ~N(0,0%). Consider estimation of o.

> 1 for n > 1.

1
f(z,0) = e /%) 2 eR, o> 0.

o\ 2T

2n o?
I,(0) = pot FRCLB for ¢ = o
Consider V; = d ) |z
i=1
2 2no 1 /7
Elo|=120 = EV) = Ld=0 = d= /.
|ZL‘| \/;O- (d) \/% o nV 2

1 m&
Ty = =4/ ) > " |z;| is an unbiased estimator of o.
n i=1

oo o ; N T 5 20\  (m—2)0?
Varl, = Q—nQnVar(]xi\) = %(ExZ — (El|zq)) ) = 2n<0 — W) ==
Since (m — 2)/m > 1/2 (equivalently 7 > 2, which is always true), Var(7T}) >
0?/(2n) = FRCLB. So T} does not attain FRCLB.

Define further ws = B(3 22)V2, U = Y 22 /0% ~ 2.

VaD((n+1)/2)

Ewgzﬁ-a-EUl/Zzﬁ-a- T(n/2)

. _ a2
Setting Fwg = 0: 8 = AT+ 1)/2)
So T '(n/2)

*T Var((n+1)/2)

> xf)l/ ? is also an unbiased estimator of 0.

1
Var(Tg) = 5

T'(n/2) | 2\ 1/2
] RCIEI

It can be shown that V(Ty) > 02/(2n), and Var(Ty) < Var(T3). So T5 is more
efficient than 7.
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Efficiency of Estimators

Concept 8.2

Let Ty and T be two unbiased estimators of a parameter g(#). Let ET? < oo and
ET$ < oo. Define the efficiency of T, relative to T} by

Val"g (Tg)
€ffo (T5|Th) = m‘

We say T is more efficient than T} if efy(75|77) < 1.

We can also define the efficiency of an unbiased estimator w.r.t. FRCLB:
~ Var(T)

- FRCLB’

Ef(T)

If nlggo Ef(T) =1, we say T is asymptotically efficient.

Example 8.2 .

1. X ~ Poi()); parameter of interest is P(X = 0) = e*. FRCLB for e™*:

)\ )\2 -2\
[ (V]2 {FRCLB for \} = de . 2 =25

n n

Wait-actually FRC LB = [¢/(\)]?/L.(\) = Me 2/(n/\) = de ™ /n -\ =
e~ /n,
More carefully: g(\) = e, ¢'(\) = —e™*, I,(\) = n/\.

[g/(/\)]Q 6—2/\ /\6_2>‘

FRCLB = = =
RC I,(\) n/A n

1 ifz=0

0 ifr—19..° Then Ef(z) = e, so B(x)

Consider an estimator f(z) = {

is unbiased for e~
EB?*(z) = e = Var(B(z)) = e *—e ™ > e /n (FRCLB not attained).

This is equivalent to e* > 1 + ), which is always true. Hence FRCLB is not
attained. We can actually show ((x) is the only unbiased estimator: let d(x)
be any unbiased estimator of e™*:

i_o% d(z)

Comparing coefficients: d(0) =1, d(1) =d(2) =--- = 0. So d(z) = pB(x) for
all z, and S(z) is UMVUE.

7)\>\x )\2
e d(0) +d(DA+d@) 5 + - = 1

z!
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Exponential Family Statistical Inference

9 Exponential Family

Concept 9.1: One-Parameter Exponential Family

A distribution belongs to the one-parameter exponential family if its pdf/pmf
can be written as:

f(x,0) = c(0) h(x) RO T,

Example 9.1

1. X ~ Bin(n, p), n known:

f(z,p) = (Z)px(l—p)”_‘ﬂ = (Z)(l—p)”(l fp)x = (1—-p)" (Z) o log(p/(1-p))

So the binomial distribution (with n known) is in the exponential family.
2. X ~ Poi(A):
e A\T 1
=e - —-e

zlog A
z! z! '

fx,A) =

.

Example 9.2

1. X ~ N(u,0?), both unknown:

1

oV 2T
6_“2/(20—2) 1

o 2T

This is a two-parameter exponential distribution family.

fla;p,0%) = e (v o)

~a2/(202)+uz/0?

For the one-parameter exponential family f(x,0) = c(6) h(z) e@®O7().
log f(x,0) =Inc(0) +Inh(x) + Q(6)T(x).
Olog f(z,0) _ (0)

$00 20 s o,

1 n

Thus w = — > T(z;) is linearly related to s(z,0) wp 1. Hence any linear function
=1

of w will attain the FRCLB for the variance of an unbiased estimator of F(w).
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Bhattacharyya Bound Statistical Inference

We also determine E(w):
/ fla,0)dv(z) =1 = / c(8) h(z) QOT® gy (z) = 1.
Differentiating under the integral sign:

0 / h(z) QOT® gy (z) + ¢(6) / h(z) Q' (8)T(x) e?OT® gy (z) = 0.

(;((g)) QO EyT(w) =0 = EpT(z) = ——0)

Example 9.3: Geometric distribution

f(z,0)=0(1-0)", 2=0,1,...,0< 6 < 1.

— Qe log(1—0) )

c(0) =0, h(z)=1,T(x) =z, Q) =log(l—0).
)

So E(X) =1/6 — 1, and Var(X) will be the same as FRCLB for the estimator of
1/6 — 1. Then X — 1 is UMVUE for 1/6.

10 Bhattacharyya Bound

Theorem 10.1: Bhattacharyya Bound

Let Xi,..., X, be a random sample from a population with pdf (pmf) f(x,0), 6 € ©.
ai n n
j=1 j=1
Let the following conditions hold:
| 91, 0)
- 5 7
2. // 11 f(z;;0) dv(z) can be differentiated under the integral sign ¢ times.
j=1

exists for all 8 € © and almost all x.

3. 54, . , Sk are linearly dependent.
4. // S(z) [[ f(z;;0) dv(z) can be differentiated under the integral sign ¢ times

j=1
(1=1,..., K) for any integrable function S.
Let )\ij = COV(Si, Sj), 7 7éj = 1, 500 ,K, )\“ = Var(Sl)
d'g/df" where EgT(x) = g(0). Let ¥’ = (m,...,nK). Then the Bhattacharyya

bound is: Fa df
> IAfl _ rs g g
Vary(T) > n n 21; zs: A pTIpT
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Bhattacharyya Bound

Statistical Inference

For K =1, this reduces to FRCLB.

2.

Proof:
EyT(z) = g(0):

//T(g) ﬁ f(x;0)dv(z) = g(6).

Jj=1

Differentiating ¢ times w.r.t. 6:

i

/.../T(@) Sij]illf(ﬂfj;g) dv(z) = %,

dig
E(T(x)S;) = —=.
= B(T@)S) =%
dig
Also E(S;) =0, so Cov(T, S;) = 0
Consider the multiple correlation coefficient between T" and (i, ..., Sk):
' A
R? = <1
Var(T) —

So Var(T) > n' A~ 1n.

Remark 10.1: Remarks on Bhattacharyya Bound

1.

Equality in Bhattacharyya bound is attained iff T is linearly related to
81,32,...,31( WD 1.

Bhattacharyya bound (BhLB) is sharper than FRCLB since the multiple
correlation coefficient between 7" and (S, ..., Sk) is larger than the correlation
between T and S;.

. BhLB gets sharper as K increases, because the multiple correlation coefficient
between T and (S1,. .., Sk+1) is larger than that between T and (Sj, . .., Sk).
. Note: Although BhLB is sharper, its use is limited due to complications in

evaluating higher order derivatives.

O

Example 10.1

X, ...

s X ~ N(MaUQ):

1 2 2

N —(z—p)?/(20?)

T, 0°) = e .
[z p,0%) T

aof _ 1 e-(x_u)2/(2a2)l($—ﬂ)2 1 ]

902 o1 200 202
— )2 )2
g - E=pw 1 _%l(w ) _1]‘

o2

204 202 20

Let w = (z — pu)?/o? ~ X2

1 2
2 _ _ 2 _ _
ESl—Var51—4U4E(w—1) = 1oi = ggd
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Chapman—Robbins—Kiefer (CRK) Inequality Statistical Inference

FRCLB for variance of unbiased estimator of o2 is 20 /n.

Pf _ 1 e [@-w® 110
0(0%)?  oV2rm 20* 202
Lo
52:@(’11) —6w—|—3)
1 33
2 2 2
ES; = VarS; = 160° Ew*—-6w+3)" = 3955
2 2 2
E(Sng) = COV(Sl, Sg) = — = — ~ —

o6(1 — o9) o%(1 —o) o3(1—o)

(Detailed calculation shows E(S,5;) = —2/(a3(1 — 0)).)
The variance-covariance matrix of (57, S):

% - 3(2 ) 4
T o
<_ o3(1—0) 3208 06(1 - 0)3

1 ((2=0)c*(1—0) o*(1—0)%/2
A —< (1 - 0)2/2 04(1—0)3/4>’

Ay,
nl—d9_7 772—d‘92

(Here g(0?) = 02, so ' = (1,0).)
Bhattacharyya lower bound for estimating o2 unbiasedly:

BhLB = y/A™'n = 0%(2 — 0)(1 — 0).

FRCLB = 0*(1 — o) = E(1/5?).
Var(T) = o(1 — o) > BhLB > FRCLB.

11 Chapman—Robbins—Kiefer (CRK) Inequality

Theorem 11.1: CRK Inequality

Let « have pdf (pmf) f(x,0), 8 € ©. Let T be an unbiased estimator of g(#). Define

f(z,9)
f(z,0)

The CRK inequality states:

A(cb,@):\/arg[ ], p#0&{x: f(z,9) >0} C{z: f(x,0) > 0}.

{g(¢) —9(6)}*
Varg T > 21618 X)) ,

where the sup is taken over all ¢ for which the above condition satisfies.
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Proof:

Now EGHE:;Z;] _ [ [z, 9)

Therefore g(¢) — g(8) = Covy <T(m), fz, ¢>>

{9(6) - 9(0)} = COV;<T, e ¢>) < Var, T Vare[f (2, cb)]
= Vary T - A(,0

L Van, T > {9(¢) —g(0)}*

A(o,0)
Taking the sup on RHS over all ¢ subject to the condition on ¢:

{9(0) —g(0)}
VargT' > sup A(.0) O

O
Example 11.1

1. X ~ Unif(0,6), 6 > 0. Consider unbiased estimator of ¢

f(x,&):{l/e 0<az<6 f(x7¢):{1/¢ O<z<o

0 otherwise ’ 0 otherwise.

f(x,cb):{@/cb P<O<h e

0 p<z<b
(z,0) o0 1
l 7,0 >] b5 gla=t
z,0)]° ¢92 1 0
l x@)] # Ty

Alg,0) = Var@[f(x, cb)] _ 0

flz,0)] ¢
The CRKLB for the variance of an unbiased estimator of 6 is
(¢ —0)° (0 — ¢)*
su = su 6 —
¢><I9) 0/¢p—1 ¢<10) 0—¢ ¢< up 9 2
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We find sup, ¢(0 — ¢) = 6%/4 attained at ¢ = 6/2 (since F[p(0 — ¢)] =
0—20=0=¢=10/2).
Consider T'=2x: ET =0, VarT = 4 Varz = 4-60%/12 = 6?/3 > 6*/4.

2. X ~ f(x,0) = % x > 6 (one-parameter exponential shifted). We want
CRKLB for unbiased estimator of 6.

flz, @) =€ x>¢, forep>0.
f(x, ) {e¢9 x>¢ >0

0 dp>x>0

Ee[f(x’qb)} = /;oed’_e-ee_mdx = 1.

CRKLB:
S (-0 S i (let t = ¢ — 0)
u u = —
¢>Ig et=f —1 t>g) et —
t? 2t .2t
h(t):et ’ 36520 tli{onog_o

, t{(2 —t)e' — 2}
h'(t) = (= 1)

We can solve numerically to get ¢ = 1.59362, where h(t) = 0.6476. So CRKLB
is 0.6476.
In this case, an unbiased estimator for 6 is "= x — 1, Var(7') = Varz = 1 >
0.6476.

3. Both FRC and CRK lower bounds can be found for X ~ N(6,1). Here
FRCLB for estimating 6 is 6/n =1 (in this case).
For CRK:

<0 fort>2, >0 fort<1.

f(,0) = 127T 02 f(z,4) =

fod) = expf 5[0 - o7 - e - 7]}

_ (0=8%)/2 y(6-0)z

2
EQ [f(xv ¢)] _ 6927¢>2 E962(¢79)z

=" M,(2(¢ - 9))

— P97 20(9—0)+2(¢-0)*
0 =0" | 2(0—0)0+2(¢-0)

_ BB (26006 _ (6-0)
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(6—6)* 0

CRKLB = _ 50, 1
jslég 607 —1 ek ef —1

CRKLB =1 = FRCLB (attained as t — 0).

12 FRC Lower Bound in Higher Dimensions

Theorem 12.1: Matrix Form of FRCLB

Let X1,...,X, be a random sample from a population with density/mass function
f(x,0),0=(6y,...,0k) € © CRE.

We consider estimation of parametric functions g;(0), ..., g.(0). Let EgT;(z) = ¢;(0)
for all @ € ©, i.e. T}, Ty, ..., T, are unbiased for g;, gs, ..., g,

Let T" = (T4, ...,T,). Define

var(ﬂ):‘/;u 1§1§T7 COV(E71—‘]):‘/;J7 ]-SZ)]ST? Z%]

V' is the dispersion matrix of 7'
Further define

09 . .
= Agg 1 <1 < 1 <5< K.
20, AV <i1<r, 1<j<K
A = (Aij)rxk-
0?log f(z,0) .
T.=F|l———2=22""7 1< < K.

T = (Z;j) kxk is the Fisher’s Information matrix.
Regularity Conditions

. 0
1. aa“;f;’ej) exists for all 1 < 4,7 < K and for all § € O a.e.
2. / : / S(z) [[ f(x;;0) dv(z) can be differentiated under the integral sign for

j=1
any integrable function S(x).

2
3. —Elabgw > 0for all 0 € ©.

In particular:
dgi g

‘/;i > ISt )

=25 0, o

where Z° are terms in Z7!.

Under the above regularity conditions, V —AZ *A’ is a non-negative definite matrix.

Proof:

Consider FEyT; = g;(0) for all § € © < / e /Tz(g) ﬁ f(z;;0) dv(z) = g:(6).

Jj=1
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Differentiating w.r.t. 6;:

oo () I seroranto = 5=

Also note Eaijlogf:ETi fgéf etc. and/f z,0)dv(zx )—1:>E}§éf 0.
Consider the dispersion matrix of 73, ..., 7, L of 1 9f

s Ly ?878177?@

9

The determinants ‘g *é_zl_l and ‘X, %‘ are non-negative and their product is also
non-negative:

V —AZ A >0.
This statement remains true for a subset of T}, ..., 7., which means V — AZ'A’ is
non-negative definite. O

Example 12.1

Xi ~ N(1,0%), p,0” unknown. 6 = (1,0%), 1(0) = p1, g2(6) = 0*.

1 1 (v — p)?
. 2y - _— 2_ —
log f(z;p,0%) = > log o > log(27) 5oz
dlogf w—p dlogf 1 +(:p—u)2
o o2’ oo 202 204 '’
0logf 1 6’2logf:_(:zr—u)2+ 1 0’logf _ (x—p)
op? o?’ 0(0?)? o6 204’ Op do? ot
1 1
In = pok Iy = 951’ Z12=0

2= (" ween) =0 )
)=

Var(T}) > o?/n if E(TY) = u Var(Ty) > 20*/n if E(Ty) = o°.

13 Sufficiency

Concept 13.1: Sufficient Statistic

Let Xi,...,X, be a random sample from a population P = {F : § € ©}. A
statistic T = T(X1, ..., X,,) = T(X) is said to be sufficient for P = {F, : § € 6}
if the conditional distribution of Xj,..., X, given T" = t is independent of 6 (except
perhaps a null set A, i.e. Py(T € A) =0 for all § € ©).
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Concept 13.2: Data Reduction

This signifies that if one does not have the original observations X;,..., X, but
has T" and a knowledge of the known conditional distribution of X, ..., X, given
T = t, then one can generate z/,...,z) which will have the same distribution as

X1,...,X,. This is data reduction.

Example 13.1

Let Xq,...,X, ~ Ber(p), 0 < p < 1. Consider T = Y7 ; X;. The conditional
distribution of Xy,..., X, given T' = t:

P(Xy =21, Xy =1, | T=1) =4 (})

(derived by direct calculation using the Binomial pmf). This is independent of p. So
T =3 X, is sufficient for Ber(p).

Example 13.2

Let Xi,..., X, ~Poi(A), A\ >0. Let T =Y X;.

n—1

t = €T;
P(X1:$17,Xn:$n|T:t): I1|$n_1'<t— A (L’z)' Z
0 t#£ 2w

This is independent of . So T"= Y X is sufficient for Poi(\).

r

Theorem 13.1

1. Let T be sufficient for P = {P : § € ©} and let T be a function of U. Then
U is also sufficient for P.

1 ift=
9 Py(Xy = a1, X = @ | X1 =ty X = ) = BT hich is
0 ift#x
always free from the parameter. So X = (X,...,X,) is always sufficient.

This is called a trivial sufficient statistic.

Let X have distribution Py, 6 € © and let T'(X) be sufficient for P = {F, : 0 € O}.
Then given T', we can generate r.v. Y which has the same distribution F.

Proof:

The conditional distribution of X | 7" =t is independent of . After observing T = t,
we conduct a random experiment with outcome y following the known conditional
distribution of X | T'=+¢. Then Y and X have the same distribution. ]
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13.1 Rao—Blackwell Theorem

Theorem 13.2: Rao—Blackwell

Let Xi,..., X, be a random sample from a population with distribution P, 6 € ©.
Let S(X) be an unbiased estimator of g(6) and T'(X) be sufficient. Then there
exists an unbiased estimator based on 7" alone whose variance is not more than that

of S(X).

Proof:

Let h(t) = E[S(X) | T(X) = t]. Since T is sufficient, A(t) is independent of 6.
Eyh(T) = E; E[S(X) | T(X) =] = By S(X) = g(§) V0 €O,

So h(T) is unbiased for g(6).

Varg(S(X)) = Ep{Var(S(X) | T)} + Varg{ E(S(X) [ T)}
= Ep{Var(S ( ) | T)} +Varg(h(T)).

I\/

So Vary(h(T)) < Varg(S(X)). O

13.2 Neyman—Fisher Factorisation Theorem

Theorem 13.3: Neyman—Fisher Factorisation

For a discrete r.v. X with pmf p(z,0), 0 € ©, T'(X) is sufficient if and only if

p(z,0) = g(T(z),0) h(x) Vo e o.

Proof:

(=) Let p(x,0) = g(T(x),0) h(z).
P(TX)=t)= > op0= > g(T(x),0)hx)=gt0 > hz)

z: T (x)=t z: T(x)=t z: T (x)=t
For T'(2') =
Py X =2, T(X)=T(z"))
By(T(X) = t(2"))
gLORE) k()
9(t,0) X r@y=e M) o= M)’
which is independent of 6. So T is sufficient.
(<) Conversely, let T' be sufficient. Then
Py(X =2' | T(X)=t)=c(2',t) (independent of ).
Py X =2, T(X)=T(z")) = c(z',t) P(T(X) = T(z)).
= po(a) = c(a',1) (¢, 0) - h(x) g(t, 0).
(More precisely: Py(z') = ( JT(2') - Py(T(X) = T(2)) = e(a',t)g(t,0), taking
h(x) = c(a',t) and g(t,0) = Pp(T(X) = 1).) O

By(X =2 [T(X) =1) =
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Remark 13.2

The theorem holds if 8 and T" are vectors with same or different dimensions.

If T is sufficient and 7' is a function of U of U, then U is also sufficient. However, if
V' is a function of T', then V' need not be sufficient. V' is sufficient if V' is a one-to-one
function of T

Example 13.3

1. X1,..., X, ~N(u,0?), u € R, 02 > 0.
Case I: ¢ known (WLOG o2 = 1).

fla, p) = (%)n exp{—% > (@i = M)Q}

_ (27T)—n/2 e—Zz?/Z . e—nu2/2+np.i
= h(z) - 9(T, 1)

So X is sufficient for {N(u,1) : u € R}.
Case II: i known, p = py.

f(z,0%) = (2m0®) /2 exp{—T; > (@ = uo)Q} = (@) - g(3 (2 — po)?, 0%)

So T(X) = X (X; — po)? is sufficient for { N (uo,0?) : 0 > 0}.
Case III: Both ; and 0? unknown.

2 2
2y _ 2\—n/2 ot Xwy pw
f(i? /’1’7 o ) (277—0- ) eXp{ 20_2 20_2 + 0_2

= h(i) 'g<Z$i,Z(L‘?,/L,O'2) :

So (X X;, ¥ X?) is sufficient, and so is (X, S?).
Case I'V: 0 = p.

2 ,
e =y onf 3 - Z)

=h(g) 9(X 2, Yot ).

So (3 X;, > X?) is sufficient for {N(u, pu?) : > 0}.
2. X; ~ e iz A > 0.
fl@,\) =] re ™ = Ale A 2%,
i=1
By FT, > X, is sufficient.
3. X; ~ el x> 0.

n

flz,0) = e” 2% e L(zay, 0) [ 1(zw), ) = g(zq), 0) h(z).

=2

So z(y) is sufficient.
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1
4. X; ~ —e~@=mlo go>pu peR, o>0.

Q

So (z(1y, > ;) is sufficient, and so is (x(l),X).
1
5. X; ~ 56““‘"', z; € R, 8 € R (Laplace).

£(,6) = o exp{~ i~ 6]} = 5. exp{~ X Joy — 61}

= g(zqy, ..., Tw),0) h(z).

So (z(1y, - .., %) is sufficient. Oyp = median = function of TS
6. X; ~ Unif(0,0), 0 > 0:

1 n—1
f(z,0) = 27 Laew, 0) H L(z (), Tm))
= 9(x(n),0) h(z).
So z(y) is sufficient.
7. X; ~ Unif(0 — %,0 + %)
fz,0) = 1(x@),0 — 3) 1( Hl T(3), T(n))

= 9(z@), T(n), 0) h(2).

So (z(1y, T(n)) is sufficient.

Example 13.4: Exponential Family and Sufficiency

Let f(z,0) = c(6) h(x) exp{; Q,(6) Tj<x>}.

Based on a random sample Xy, ..., X,:
f(z0) = @) H A exp{; 0 zm)}
Z ZTK(%)) h(z).

(Z Ti(x;), ZTK ;) ) is sufficient.
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13.3 Relation between Sufficiency and Information

Theorem 13.4: Information Mesaure and Sufficiency

Let T'(X) have pdf/pmf ¢(¢,0). Suppose 2gb(t, 0) exists.

00
d [ 09(t,0)
o7 /B o(t,0) du(t) = /B 50 du(t) for any measurable set B.
Then: - . o1 ;
1. E [(%M |T =t| = ogai(t, ) almost everywhere.

2. Ix(0) > Ir(0) with equality holding iff 7" is sufficient.

Proof of (i):

Let X be the space of z-values and ) the space of T-values. T : X — ).
For any set B € B:

dlog f(x,0) Of (z,0) 1
Ea@fBo:)]: [ 200 L f0) duto)

= 59 /Bf(:v,G) du(x) = CZQP(.T € B).

Similarly:

_d _d )

= S PTec) == [ o0y du(t) = [ ZE du(t)

| Ologo(T,0)

- El S Le(T)

| Ologo(T,0)
By the definition of conditional expectation:

Olog f(x,0) |, | _ 0Ologo(t,0)

Remark. A function g(t) is said to be E(Y | T =t) it E[Y Ig(T)| = E[g(T) I5(T)] for
all B € B. O
Proof of (ii):
Consider

dlogd(T,0) 1 dlog f(z,0) 1 17
E[ o6 o(T,0) 0 'f(xﬂ)]zo'

S Ip(0) + Ix(0) — 2| 2108 NT0) 310gf(f1:,0)] o

00 00
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By (i):
dlog ¢(T,0) OJlog f(x,0)] dlog ¢(T,0) 0Olog f(x,0)
E 9 o0 1_EE[ 00 90 M
_ . [0logg(T,0)] _
I G

Necessary and sufficient condition for equality: Ix(60) = I7(0):
o 0l1.0) _ Q8 IE0) o, 1og (1,6) = 1o F(.0) + k(a)

00 00
& f(z,0) = o(t,0) h(z)
& T is sufficient. O

O
Example 13.5
1. Xl,,XnNPOI()\) Let T1:X1, T2:X1—|—X2, ,Tn:X1++Xn
We know Ty ~ Poi(kA) for 1 < k <n.
Olog f(x,\) x—A 1 n 2 nj
= I =—, 1 =—, I =—, ..., 1 =-.
8)\ )\ ? T1<)\) Y X()\) )\’ T2()\) )\7 9 Tn()\) )\

Observe that Ix(\) = Iz, (\) as T, is sufficient.
Information is additive: Let X and Y be independent r.vs with distribu-

tions fi(z,0) and fo(y,6). Then Ix,y(0) = Ix(0) + Iy (0).
2. Xl; 500 ,Xn ~ N(,u, 1) Consider T1 = Xl — XQ, T2 = EX’L T2 ~ N(nu,n)

8 /Ms) _ 4, _ iy, Iy, () = Bts — np)? = .

Ix(p) =n = Ir,(p): Ty is sufficient.

1 t
Ty ~ N(0,2): aog@i(ﬂ =0= I (u) =0. T is an ancillary statistic.

14 Minimal Sufficiency

Further Results on Sufficiency
For X1,..., X, ~ N (n, 0?): (X, S?) is sufficient, and also (X; 4+ Xy, X3+ -+ X,,, (X1 —

X)?2 4+ (X, — X)? ...) is sufficient.. So we need a better method of data reduction

Concept 14.1: Partition and Induced Partition

A partition of a space X is a collection {E;} of subsets of X such that:
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2. E,ﬂEjzﬁforz%]
The sets E; are called partition sets.
Let T : X — ). The partition of X induced by the function 7" is the collection of
sets T, = {z : T'(x) = y}.

Example 14.1: Partition Reduction

Let X = {red, white, green, blue, yellow, violet}.
Define a function 7; such that:

T (red) = T (white) = 1
Ti(green) = Ty (blue) = 2
Ty (yellow) = T} (violet) = 3

The partition induced by 77 is:
P, = {{red, white}, {green, blue}, {yellow, violet}}
Now, let T5(X) = (T1(X) — 2)%. The partition induced by T is:
P, = {{green, blue}, {red, white, yellow, violet}}

We say that P is a reduction of P; if each partition set of P, is a union of some
members of P;. In this case, P, is indeed a reduction of P;. Furthermore, notice
that 75 is a function of 73.

. J

Example 14.2 .

1. X=R,T(z) =2% Y =[0,00). T, = {—/y,/y} for y >0, Ty = {0}. Then
{Ty, T, : y > 0} is a partition of R induced by T'(z) = 2.

2. X ={a,b,...,y,2}. T(a)=T(e) =T() =T(0) =T(u) =1, T(b) =T(c) =
-+ =T(z) = 2. Then {{a,e,i,0,u},{b,c,...,z}} is the partition induced by
T.

A function induces a partition. However, given a partition we may not define a
function uniquely. However, if two functions 77 and 75 induce the same partition,
then they must be one-to-one functions of each other.

Concept 14.2: Partition Reduction

We say that P, is a reduction of P, if each partition set of P is a union of some
member of P;.

If T; induces partition P;, 1 = 1,2 and P, is a reduction of P;, then 75 is a function
of Tl.

Let T be sufficient. Then the conditional distribution of z given {z : T'(z) =t} is
independent of the parameter.
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Example 14.3

© = {01,05,05}, X = {x1, 29, 73}

‘$1 T2 T3
6, 0.1 02 0.7

6, 102 04 04
65103 06 0.1

Let P = {{z1,x2},{23}}.
Conditional distribution of X given partition sets A = {z1, x5} and B = {z3}:

Py, (z =) 0.1 1
P — A = L — = —,
w@w=mleed) =g e 01702 3

0.2 1 1
02104 3 ‘wlr=nlred) =g
Similarly Py, (x =zo |z € A) =2/3 for all i. And Py,(z = x3 |z € B) =1 for all 4.
So P is a sufficient partition.
Let T(x1) = T(z3) = a and T'(z3) = b with a # b. Then T is sufficient.

Now consider P* = {{x1}, {2, x3}}:

Ppx=x |z € A)=

0.2 2 0.4
Pp(r=xy | v €{ag,23}) =——===, Pplr=x|x € {r3,23}) = ———
wlz=w|zeiza)) =gomgr =y fule=elzeinn)) =5y
So P* is not a sufficient partition.
1. A sufficient statistic induces a sufficient partition and conversely given a
sufficient partition we can define a sufficient statistic.
Concept 14.3: Minimal Sufficient Statistic
A sufficient statistic T is called minimal sufficient if the partition induced by T is
a reduction of the partition induced by any other sufficient statistic.
Equivalently, T is minimal sufficient if 7" is a function of every other sufficient
statistic.
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